We show analytically that the [0, 1], [1, 1] and [2, 1] Padé approximants of the mean cluster number S(p) for site and bond percolation on general d-dimensional lattices are upper bounds on this quantity in any Euclidean dimension d, where p is the occupation probability. These results lead to certain lower bounds on the percolation threshold p c that become progressively tighter as d increases and asymptotically exact as d becomes large. These lower-bound estimates depend on the structure of the d-dimensional lattice and whether site or bond percolation is being considered. We obtain explicit bounds on p c for both site and bond percolation on five different lattices: d-dimensional generalizations of the simple-cubic, body-centered-cubic and face-centeredcubic Bravais lattices as well as the d-dimensional generalizations of the diamond and kagomé (or pyrochlore) non-Bravais lattices. These analytical estimates are used to assess available simulation results across dimensions (up through d = 13 in some cases). It is noteworthy that the tightest lower bound provides reasonable estimates of p c in relatively low dimensions and becomes increasingly accurate as d grows. We also derive high-dimensional asymptotic expansions for p c for the ten percolation problems and compare them to the Bethe-lattice approximation. Finally, we remark on the radius of convergence of the series expansion of S in powers of p as the dimension grows.
I. INTRODUCTION
There has been a longstanding interest to understand the effect of dimensionality on the structure and bulk properties of models of condensed phases of matter, especially lattice models [1] [2] [3] [4] [5] [6] [7] . More recently, the high-dimensional behavior of interacting many-particle systems has received considerable attention and led to insights into low-dimensional systems.
This includes studies of models of liquids and glasses [8] [9] [10] [11] [12] [13] [14] [15] [16] , hyperuniformity of manyparticle configurations and their local density fluctuations [17, 18] , covering and quantizer problems [19] and their relationships to classical ground states [20] , densest sphere packings [21, 22] , and Coulombic systems [23] . The preponderance of studies aimed at elucidating the dependence of dimensionality across all dimensions have been carried out for Ising-spin and lattice-percolation models; see, among the multitude of such investigations, Refs. 2-7.
Virtually all of this work has been carried out on the d-dimensional hypercubic lattice Z d .
The present paper is concerned with the prediction of Bernoulli nearest-neighbor site and bond percolation thresholds on general d-dimensional lattices in Euclidean space R d .
While it is well-known that critical exponents first take on their mean-field dimensionindependent values when d = 6, independent of the lattice, the percolation thresholds p c generally depend on structure of the lattice and are believed to achieve their mean-field values only in the limit of infinite dimension [1] . Whereas thresholds are known exactly for only a few lattices in two dimensions [24] , there are no such exact results for d ≥ 3 for finite d. Thus, most studies of the determination of lattice thresholds in any finite dimension have relied on numerical methods or approximate theoretical techniques [6, [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] .
It has recently been shown that the [0, 1], [1, 1] and [2, 1] Padé approximants of the density-dependent mean cluster number S for prototypical d-dimensional continuum percolation models provide lower bounds on the corresponding thresholds [41] . Specifically, these results apply to overlapping (Poisson distributed) hyperspheres as well as hyperparticles of nonspherical shapes with some specified orientational distribution function. The sharpness of these bounds showed that previous simulations for the thresholds were inaccurate in higher dimensions, which then led to studies that reported improved estimates for the thresholds of overlapping hyperspheres [42] as well as for overlapping hyperparticles with a variety of specific shapes [43] that apply in any dimension d.
Using the same techniques as was employed in Ref. 41 , we obtain analogous lower bounds on p c for site and bond percolation for general d-dimensional lattices in R d . We demonstrate that these general lower bounds become progressively tighter as d increases and exact asymptotically as d becomes large. Employing these general results, we derive explicit expressions for lower bounds on p c for five distinct lattices: d-dimensional generalizations of the simple-cubic, body-centered-cubic and face-centered-cubic Bravais lattices as well as the d-dimensional generalizations of the diamond and kagomé (or pyrochlore) non-Bravais lattices. Our analytical lower-bound estimates of these ten different percolation problems are then employed to assess available simulation results across dimensions (up through d = 13
in some cases). We show that the tightest lower bound provides reasonable estimates of p c in relatively low dimensions and becomes increasingly accurate as d grows. Our investigation also sheds light on the radius of convergence of the series expansion of the mean cluster number S(p) in powers of the occupation probability p across dimensions.
The rest of the paper is organized as follows: We provide fundamental definitions in Sec.
II and derive lower bounds on the percolation threshold p c in Sec. III. In Sec. IV, we describe the d-dimensional lattices that will be considered here as well as obtain series expansions of S(p) and asymptotic expansions of the lower bounds on p c . In Sec. V, we explicitly evaluate the bounds on p c across dimensions and compare them to available simulation results. We close with concluding remarks and discussion in Sec. V1.
II. DEFINITIONS AND PRELIMINARIES

A. Bravais and Non-Bravais Lattices
A d-dimensional Bravais lattice in R d is the set of points defined by integer linear combinations of a set of basis vectors, i.e., each site is specified by the lattice vector
where a i are the basis vectors for the fundamental cell, which contains just one point, and n i spans all the integers for i = 1, 2, · · · d. Every Bravais lattice has a dual or reciprocal
Bravais lattice in which the sites of the lattice are specified by the dual (reciprocal) lattice vector q such that q · p = 2πm, where m = ±1, ±2, ±3 · · · ; see Conway and Sloane [19] for additional details. The concept of a Bravais lattice can be naturally generalized to include multiple points within the fundamental cell, defining a periodic crystal or nonBravais lattice. Specifically, a non-Bravais lattice consists of the union of a Bravais lattice with one or more translates of itself; it can therefore be defined by specifying the lattice vectors for the Bravais lattice along with a set of translate vectors that define the basis (number of points per fundamental cell).
B. Connectedness Criterion
Consider a d-dimensional lattice Λ in R d in which each site is occupied with probability p in the case of site percolation or in which each bond is occupied with probability p in the case of bond percolation. The lattice Λ can either be a Bravais or non-Bravais lattice.
We consider Bernoulli percolation with a nearest-neighbor connectivity criterion for either site or bond percolation on Λ in which the coordination number z Λ is the number of nearest neighbors. The following indicator function defines this connectivity criterion:
f (r ij ) = 1 if sites (or bonds) i and j are occupied nearest neighbors, 0, otherwise
where r ij is the displacement vector between sites (or bonds) i and j. In the case of site
where z Λ is the coordination number for the lattice Λ. In the case of bond percolation,
where it is to be noted that generally z b > z s for any d ≥ 2.
C. Connectedness Functions
The mean cluster number (or mean cluster size) S is the average number of sites (bonds)
in the cluster containing a randomly chosen occupied site (bond). The pair-connectedness function P 2 (r) is defined such that p 2 P 2 (r) gives the probability that a site (center of a bond)
at the origin and a site (bond center) j located at position r are both occupied and belong to the same cluster. Essam showed that the mean cluster number is related to a sum over the pair-connectedness function [3] :
This relation can be equivalently expressed in terms of the Fourier transformP (k) of P (r):
Using the Ornstein-Zernike equation [45] that defines the direct connectedness function C(r):
whereC(k) is the Fourier transform of C(r), we also can express the mean cluster number as follows:
Since P (r) becomes long-ranged (i.e., decays to zero for large r slower than 1/r d ), S diverges in the limit p → p − c , and hence we have from (8) that the percolation threshold is given by
It is instructive to note that the real-space equation corresponding to relation (7) is
The sum operation here is the analog of the convolution integral in R d .
It is believed that S obeys the power law
in the immediate vicinity of the percolation threshold. In this expression, γ is a universal exponent for a large class of lattice and continuum percolation models in dimension d,
including not only Bernoulli lattice and spatially uncorrelated continuum models, but correlated continuum systems [29, 30, 46] . For example, γ = 43/18 for d = 2 and γ = 1.8 for
, where d c is the "critical" dimension, the latticeand continuum-percolation exponents take on their dimension-independent mean-field values, [29, 30, 46] which means in the case of (11) that γ = 1. These mean-field values are obtainable exactly from percolation on an infinite tree, such as the Bethe lattice for which Fisher and Essam [1] showed that the threshold is given by
The dimensionality of the Bethe lattice is effectively infinite and therefore it is generally assumed that p c for (periodic) lattices approach the Bethe-lattice approximation (12) in the limit d → ∞. We will see in Sec. IV C that this assumption is generally not exactly true.
Note that for the large class of periodic lattices in which the coordination number z Λ grows monotonically with d, the high-dimensional Bethe approximation becomes
D. Cluster Statistics
A k-mer is a cluster that contains k sites or bonds. The cluster-size distribution n k is the average number of k-mers per site (bond). Thus, the probability that an arbitrary site (bond) is part of a k-mer is kn k , and hence
Since the quantity kn k /Σ k kn k is the probability that the cluster to which an arbitrary occupied site (bond) belongs contains exactly k sites (bonds), the mean cluster number S can be alternatively expressed as
E. Series Expansion for Mean Cluster Number S
As indicated in the Introduction, our ensuing analysis requires partial knowledge of the series expansion of the mean cluster number S(p; d) for any dimension d in powers of p:
The d-dependent coefficients S k (d), which account for (k + 1)-mer cluster configurations (k = 1, 2, 3, · · · ), can be obtained in a number of different ways. A common way is to first obtain explicit formulas for the cluster size distribution n k and then employ (15) to get the p expansion of S and thus the coefficients S m+1 of series (16) [3, 25, 36, 44] . The cluster size distribution can generally be represented by the following relation:
where g km is the number of cluster configurations (lattice animals) with size k and perimeter m associated with that cluster size [29] . The basic calculation reduces to the determination of g km . In Appendix A, we provide an algorithm that enables one to obtain the explicit analytical expressions for the n 1 , n 2 , n 3 and n 4 in arbitrary dimension for both site and bond percolation for various d-dimensional lattices.
Another procedure that has been employed to ascertain the series (16) is to make use of the Mayer-type expansion of the pair connectedness function P (r) in terms of the connectivity function f (r) defined by (2) [45] . In order to make contact with the techniques used in
Ref. 41 for continuum percolation, it is useful here to map those results for the Mayer-type expansion of P (r) into the appropriate results for lattice percolation. For this purpose, this mapping, which amounts to replacing integrals given in Ref. 41 with appropriate sums, yields the following expansion of P (r) to first order in p for lattice percolation:
Substitution of (18) into (5) yields, after comparison to (16) , the dimer coefficient as
where α = s or b for site or bond percolation, respectively, and is related to the coordination number z Λ of the lattice Λ via either (3) or (4) . Similarly, the trimer coefficient are given by
where the indices j and k run through all sites (bonds). The expressions (19) and (20) for the dimer and trimer coefficients are the lattice analogs of Eqs. (24) and (25) 
where
0 is the pole of the [n, 1] approximant, which is given by
and S 0 ≡ 1. Here we use the convention that the sum in (21) is zero in the single instance n = 0. The claim that we make is that the pole p (n) 0 for n = 0, 1 and 2 bounds the threshold p c for general d-dimensional lattice percolation (site or bond) from below for any d, i.e.,
For the [n, 1] Padé bounds to become progressively better as n increases from 0 to 1 and then to 2, it is clear that the following conditions must be obeyed:
A. Proof in the One-Dimensional Case
For the one-dimensional integer lattice Z, it is trivial to show that all [n, 1] Padé approximants of S (n = 0, 1, 2, 3, . . .) provide lower bounds on the percolation threshold. To see this, note the mean cluster number S in this one-dimensional case is given exactly by
and hence the percolation threshold is trivially p c = 1. Expanding this relation in powers of p and comparing to (16) yields
We see from (22) that
and hence these poles always bound from below or equal the actual threshold p c = 1. We will begin by proving that the [0, 1] Padé approximant of the mean cluster number,
provides the following rigorous lower bound on the percolation threshold p c for all d:
where we have used the identity S 2 = z α [cf. (19) ] and z α is given by z Λ [cf. (3)] and 2(z Λ −1)
[cf. (4)] for site and bond percolation, respectively. It follows that in the high-d limit, the pole p
0 for site percolation is twice that for bond percolation on some d-dimensional lattice, as reflected in the asymptotic expansions given in Sec. IV C for specific lattices.
Here we follow the analogous proof given for continuum percolation given in Ref. 41 using the aforementioned mapping between the continuum and lattice problem. In particular, bounds (100) and (101) for the pair connectedness function P (r) given in that paper become for lattice percolation
Note the similarity of the lower bound (31) to the low-p expansion (18) ; except here P replaces f in the sum and inequality (31) is valid for arbitrary p. Note that since 1−f (r) ≤ 1, we also have from (31), the weaker upper bound
Summing inequality (32) over site (bond) 2 and using the definition (6) for the mean cluster number S yields the following upper bound on the latter:
Now since this lower bound has a pole at p = S
α , it immediately implies the new rigorous lower bound on the percolation threshold (29) for any d. It is important to note that this lower bound is valid for any d-dimensional lattice Λ.
Note that a stronger rigorous upper bound on P (r) can be obtained by using the lower bound (30) in the inequality (31), namely,
Summing inequality (34) over site 2 and use of (6) and (20) gives the following upper bound:
Although this lower bound on S is sharper than (33) , it has the same pole and therefore does not provide a tighter upper bound on the percolation threshold than (29) .
The [1, 1] Padé approximant of S, given by (21) with n = 1, is more explicitly given by
provides the following putative lower bound on the threshold p c in all Euclidean dimensions:
where p (1) 0 is the pole defined by (22) and we have made use of the identity S 2 = z α . Aizenman and Newman [48] used completely different methods to prove, for the special case of bond percolation on the hypercubic lattice Z d , the following upper bound on S:
and hence
It is instructive to compare these bounds (that apply only for Z d ) to the [1, 1] estimates.
Using the fact that
2 for bond percolation on the hypercubic lattice (see results of Sec. IV), the [1, 1] estimates (36) and (37) reduce to
It is seen that the [1, 1] estimates (40) and (41) for the special case of bond percolation on Z d provide sharper bounds than (38) and (39) in any finite dimension, and tend to the same asymptotic bound in the limit d → ∞.
Similarly, the [2, 1] Padé approximant of the mean cluster number S, given by (21) with n = 2, is more explicitly given by
provides the following putative lower bound on the percolation threshold p c in all d:
where p (2) 0 is the pole defined by (22) . Since the expansion of upper bound (42) in powers of p is exact through order p 3 , we deduce, after comparison to the exact expansion (16), the following upper bound on the fifth-order coefficient S 5 (d) for any d-dimensional lattice Λ:
With considerably extra effort, one can rigorously prove that (37) and (43) are indeed lower bounds on the threshold p c . However, this is beyond the scope of the present paper, and will be reserved for a future work. Nonetheless, it is noteworthy that high-dimensional asymptotic expansions of (37) and (43) for both site and bond percolation on the hypercubic lattice Z d provide lower bounds on the corresponding exact asymptotic expansions, as explicitly shown in Sec. IV C 1. Moreover, in Sec. V, we will see that available high-precision numerical estimates of p c for different lattices across dimensions support the proposition that (37) and (43) are rigorous lower bounds on p c .
We expect that higher-order [n, 1] Padé approximants (n ≥ 3) of S also provide lower bounds on p c for d ≥ 2 for n ≥ 3 and relatively low d provided that certain conditions are met. One such necessary conditions is that successive coefficients S n+1 and S n+2 remain positive. For example, we have directly verified that both S [3, 1] and S [4, 1] yield lower bounds on p c for d = 2 and d = 3 for a variety of site and bond problems on a variety of lattices [3, 25, 36, 44] . However, as noted earlier, because we expect S n to become negative at some gives lower bounds on p c for any n. The reader is referred to a related discussion in Sec. VI.
IV. SERIES EXPANSIONS OF S FOR VARIOUS d-DIMENSIONAL LATTICES A. Definitions of the d-dimensional Lattices of Interest
In this work, we consider the d-dimensional generalizations of the simple-cubic lattice or simply hypercubic lattice Z d as well as d-dimensional generalizations of the face-centeredcubic, body-centered-cubic, diamond and kagomé lattices for d ≥ 2. While the first three are Bravais lattices, the last two are non-Bravais lattices, as defined more precisely below.
It is noteworthy that generalizations of these lattices are not unique in higher dimensions.
d-Dimensional Bravais Lattices
The hypercubic Z d is defined by
where Z is the set of integers (. . . − 3, −2, −1, 0, 1, 2, 3 . . .) and x 1 , . . . , x d denote the components of a lattice vector. The coordination number of
lattice defined by
Its coordination number is
. Note that D 2 is simply the square lattice in
The checkerboard lattice D d gives the densest sphere packing for d = 3 and the densest known sphere packings for d = 4 and 5, but not for higher dimensions [19] [20] [21] . It also provides the optimal kissing-number configurations for d = 3 − 5, but not for d ≥ 6 [49] .
In order to define the generalization of the body-centered-cubic lattice that we will consider in this paper, we must first introduce another generalization of the face-centered-cubic lattice, namely, the root lattice A d , which is a subset of points in Z d+1 , i.e.,
The coordination number of 
d-Dimensional Non-Bravais Lattices
The generalizations of the diamond and kagomé lattices considered here were introduced can be obtained by including in the fundamental cell the centroid of this simplex, i.e., [18] . With respect to the underlying A d lattice, these lattice points are located at
where p j = a j − ν. By translating the fundamental cell such that the origin is at x 0 , we can fore not been given. These coefficients together with the general lower bounds given in Sec.
III give corresponding explicit lower bounds on p c for these ten percolation problems.
For the hypercubic lattice Z d , the series expansion of S in powers of p for site and percolation, through third-order in p, are given respectively by
The results (50) and (51) agree with earlier ones reported in Refs. 4 and 5, respectively.
For the d-dimensional checkerboard lattice D d (the generalization of the fcc lattice), the series expansion of S for site and bond percolation are given respectively by
For A * d (our d-dimensional generalization of the bcc lattice), the series expansion of S for site and bond percolation are given respectively by
For the d-dimensional diamond lattice Dia d , the series expansion of S for site and bond percolation are given respectively by
For the d-dimensional kagomé lattice Kag d , the series expansion of S for site and bond percolation are given respectively by
The expansion for site percolation agrees with the one first reported in Ref. 33 . Lattice
The d-dependent coefficients S k (d) are also summarized in Tables I and II for Lattice 
This is to be compared to exact asymptotic expansion obtained by Gaunt, Sykes and Ruskin [4] by to the same order:
The tightest lower bound is exact up through order 
These results are be compared to the exact asymptotic expansion obtained by Gaunt and
Ruskin [5] to the same order:
Observe that the tightest lower bound in the case of bond percolation is exact up through 
These results lead to the conclusion that the asymptotic expansion of the tightest lower bound is exact at least through order 1/d 3 and hence
For bond percolation on D d , the asymptotic expansions of the lower bounds yield
Thus, we see that these results lead to the conclusion that the asymptotic expansion of the tightest lower bound is exact at least through order 1/d 4 , implying
Note that the exact leading order terms of the asymptotic expansions of p c for both site and bond percolation on D d agree with the Bethe approximation (13) 
In the case of site percolation on A * 
These results lead to the conclusion that the asymptotic expansion of the tightest lower bound is exact at least through order 1/d or, more precisely,
For bond percolation on A * d , the asymptotic expansions of the lower bounds yield
Thus, we see that these results lead to the conclusion that the asymptotic expansion of the tightest lower bound is exact at least through order 1/d 2 , and hence
As in all of the previous cases, we see that the exact leading order terms of the asymptotic expansions of p c for both site and bond percolation on A * d agree with the high-d Bethe approximation (13) 
d-Dimensional Non-Bravais Lattices Dia d and Kag d
In the case of site percolation on the d-dimensional diamond lattice Dia d , all three lower bounds yield the same asymptotic expansion, 
We know the order of the correction to the leading term since this problem is identical to site percolation on Kag d described below. The exact leading order terms for both site and 
We know the order of the correction to the leading term is O(1/d 4 ), which we determined from the exact p-expansion of S through order p 5 obtained by van der Marck [33] . In the case of bond percolation on Kag d , the asymptotic expansions of the three lower bounds yield
Note that these results lead to the conclusion that the asymptotic expansion of the tightest lower bound is exact at least through order 1/d, and hence der Marck [33] , but no explanation for it was given. We will discuss this issue in Sec. VI.
V. EVALUATION OF BOUNDS ON p c AND S, AND COMPARISON TO SIMU-LATION RESULTS
Here, we explicitly evaluate the [0, 1], [1, 1] and [2, 1] lower bounds on p c [i.e., inequalities (29) , (37) and (43) Tables I and II . We also employ these results to ascertain the accuracy of previous numerical simulations, especially in high dimensions.
In Tables III and IV , we compare the lower bounds (29) , (37) and (43) We summarize in Table V (29), (37) , and (43) as well as the simulation data. we have studied in this paper. The reasons for this behavior are presented in Sec. VI.
In Table VII , we present evaluations of the best lower bound (43) 
VI. CONCLUSIONS AND DISCUSSION
We have shown that mate of p c was proven to be a lower bound here, rigorous proofs of that the [1, 1] and [2, 1] estimates are indeed lower bounds will be reserved for a future publication. However, we have presented very strong evidence that the latter are indeed lower bounds for the class of d-dimensional lattices considered in this paper.
We have seen in Sec. V that the estimate of p c obtained from the best lower bound (43) for both site and bond percolation on D d converges to the corresponding numerical estimates in relatively low dimensions most rapidly among all of the five d-dimensional lattices that we have studied in this paper. This is due to the highly connected nature of encode information about percolation behavior in low dimensions, as is also the case in continuum percolation [41] [42] [43] .
Among all of the ten percolation problems that we considered in the paper, the only case in which the high-d limit of the threshold p c does not agree with the corresponding Bethe approximation (12) is for site percolation on the d-dimensional kagomé lattice Kag d . The usual arguments explaining the tendency of a lattice to behave like an infinite Bethe tree [1] apply in all of the other nine cases. For example, consider bond percolation on Dia d , which
gives p c ∼ 1/d (i.e., the Bethe approximation). This is the only specific instance in which a bond percolation problem can be exactly mapped to a site percolation problem, namely, that on the kagomé lattice Kag d . Therefore, while the coordination number of the latter It was once hypothesized that the percolation threshold of a lattice corresponded to the radius of convergence of the series expansion for S [25] . This hypothesis rested on the assumption that S had no singularities on the positive real axis for p less than the critical value, i.e., the coefficients S 2 , S 3 , . . . were all positive. It was shown that at sufficiently high order (e.g., 19th-order), the coefficients are sometimes negative for d = 2. This implies that the critical concentration does not correspond to the radius of convergence of the series expansion for S for d = 2, strongly suggesting that there is a closer singularity on the negative real axis [47] .
In analogy with the continuum percolation results of Ref. 41 , our present results offer evidence that in sufficiently high dimensions, the radius of convergence of (16) 
with critical exponent γ = 1 (cf. (11) cluster number S in powers of the site (bond) occupation probability p for any lattice in high dimensions presented in Sec. IV B. As discussed in Sec. II, S can expressed in terms of the cluster-size distribution function n k [c.f. Eq. (15)]. Therefore, it is sufficient for us to determine the expressions of n k [c.f. Eq. (17)], from which the series expansion of S can be obtained in any specific d. The general d-dimensional coefficient S k (d) can then be determined using the fact that it is a polynomial in d, i.e.,
The coefficients κ n are determined by solving a set of linear equations in the first several dimensions (e.g., 2 ≤ d ≤ 5) such that they satisfy the explicitly known forms for S k in these relatively low dimensions.
Our algorithm enables us to obtain analytically the polynomials n k by directly enumerating all of the distinct k-mer configurations associated with a site (bond) located at, without loss of any generality, some chosen origin. We note that two k-mer configurations are distinct if they contain one or more distinct sites (bonds); see Fig. 4 for simple examples. To the best of our knowledge, such an algorithm has not been applied before to obtain explicit expressions for the n k 's. Our algorithm works as follows: For a given d-dimensional lattice, the vectors connecting a site (bond) to all of its nearest neighbors are determined. All of the k-mer configurations associated with a selected site (bond) are then generated. Specifically, a k-mer configuration is generated from a (k − 1)-mer configuration (k ≥ 2) by adding a site (bond) that is a nearest neighbor of one of the sites (bonds) in the (k − 1)-mer configuration. The total number of k-mer configurations for a site (k − 1-mer configurations for a bond) generated in this way is (k − 1)!z
, where z Λ is the coordination number of the given lattice Λ. Although in principle this algorithm can be employed to obtain cluster statistics for arbitrary k, we are only interested in the cases where 1 ≤ k ≤ 4 here, but for any dimension d.
The k-mer configurations are then compared to one another to obtain the set of distinct k-mer configurations. For site percolation, we find that the set of vector displacements between any two sites is sufficient to distinguish a pair of k-mer configurations. For bond percolation, a k-mer contains k bonds and γ associated sites (e.g., γ = k + 1 is the k-mer does not contain closed loops). The latter is simply a γ-mer in the site context. A k-mer configuration containing k bonds can be mapped into a configuration of k points by placing which does not satisfy the condition that every row has at least one zero vector. Note that we have set the distance between two nearest neighbor sites to be unity and the entry M αβ 11
is always zero since it is associated with the common origin for any k-mer configuration. Finally, for each distinct k-mer configuration, the number of vacate sites (bonds) that are nearest neighbors of the sites (bonds) in the k-mer configuration is determined, which
gives the value of the associated m (i.e., the exponent associated with 1 − p term in Eq.
(17). Since distinct k-mer configurations that can be obtained from one another by simple rotation or translation have the same vacancy configuration, they contribute identical terms to the polynomials for n k . The total number of such k-mers gives the value of the associated coefficient g km .
For five of the ten percolation problems considered in this paper, the expressions for the n k 's can be explicitly written as a function of dimensionality d, which are provided here.
Explicit expressions for n 1 , n 2 , n 3 and n 4 in dimensions 2 to 5 for all of the ten percolation problems are provided in the Supplemental Material.
For site percolation on hypercubic lattice Z d , the n k 's are given by n 1 = p(1 − p) 2d , n 2 = dp 2 (1 − p) 4d−2 , (1 − p) 8d−7 p 4 + dp 4 (1 − p) 8d−6 .
(A-4) the product in the double sum has nonzero value (i.e., unity). This also suggests that site k can be at most two bonds away from site 1, otherwise it cannot share a common nearest neighbor with site 1. (Fig. 5a ), sites 1 and k form a straight line and can be connected by the common nearest neighbor j in between. Due to the symmetry of the lattice, there are 6 such lineal configurations, each contributing 1 to S 3 . In the second configuration (Fig. 5b) , each pair of sites 1 and k can be connected by 2 common nearest neighbors j, which form a folded line. Again, due to the symmetry of the lattice, there are 12 such non-lineal configurations, each contributing 1 to S 3 . Thus, we have We note that both the lineal and non-lineal configurations are 3-site clusters. One might initially think that a simple counting of all 3-site clusters would lead to the same result.
Although such a counting procedure would lead to the correct result for some special cases, such as site percolation on the square lattice, it is generally is not valid. For example, the equilateral-triangle 3-site clusters do not contribute to S 3 here. This naive counting
